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Discrete-Time Sliding Mode Spatial Control of Advanced Heavy Water Reactor

Ravindra K. Munje, Balasaheb M. Patre, and Akhilanand P. Tiwari

Abstract—This brief presents the design of a discrete-time
sliding mode control (DSMC) for spatial power stabilization of
advanced heavy water reactor (AHWR). Mathematical model of
AHWR is represented by 90 first-order nonlinear differential
equations with 18 outputs and five inputs. The linear model is
obtained by linearizing nonlinear equations over the rated power.
This linear model is found to be highly ill conditioned and is
possessing three-time-scale property. Initially, the linear model is
transformed into block diagonal form to separate slow, fast 1,
and fast 2 subsystems and then DSMC is designed using slow
subsystem alone since fast 1 and fast 2 subsystems are stable.
The proposed DSMC strategy is designed using the constant
plus proportional rate reaching law with matched disturbance.
Finally, the nonlinear multivariable model of AHWR is simulated
with the designed controller and the results are generated under
different transients. The efficacy of the proposed DSMC is
demonstrated with the comparison of prevalent controllers in
the literature and the performance is evaluated under the same
transient levels.

Index Terms— Advanced heavy water reactor (AHWR),
composite control, discrete-time sliding mode control (DSMC),
global power control in large reactors, reaching law, spatial
control.

I. INTRODUCTION

ARIABLE structure control with sliding mode
Vcontrol (SMC) was first proposed and elaborated in the
early 1950s in Soviet Union [1], [2]. The discontinuous nature
of control action in sliding mode results in robust system
performance, which includes insensitivity to parameter
variations and complete rejection of disturbance [2]-[4].
Extensive study of discrete-time systems and design of
discrete-time SMC (DSMC) has been accelerated due
to the use of digital computers and samplers in control
realization. The analysis and design of controllers for discrete
two-time-scale systems has been studied in [5]-[8]. Block
diagonalization of discrete three-time-scale system is also
presented in [8] and [9]. Although the system designed with
DSMC has number of advantages, the complexity in DSMC
design increases with the increase in number of states of
the system. Hence, for a higher order ill-conditioned system,
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the DSMC design is also more complicated. DSMC of
singularly perturbed two-time-scale systems has been
attempted in [10]-[13].

Recently, a heavy water moderated thermal reactor named
as advanced heavy water reactor (AHWR) has been designed
in India [14]. This reactor is neutronically large requiring a
spatial control system. The AHWR model is highly nonlinear,
large scale, heavily ill conditioned, and found to possess
three-time-scale property. Hence, model-order reduction and
time-scale decomposition methods are generally employed for
controller design. Application of DSMC for spatial control
of pressurized heavy water reactor (PHWR) can be found

in [15] and [16]. In [15] and [16], multirate output
feedback (MROF)-based discrete-time sliding mode
controllers (DSMCs) are proposed for PHWR. These

control methods do not require state information for
feedback purposes and hence are easier to implement. For
systems exhibiting multi-time-scale property like AHWR,
these methods are not easily applicable. In this brief,
the design of DSMC for spatial control of AHWR has
been successfully applied. The results obtained using the
proposed method are compared with other approaches
available in the literature and found to give better
performance under the same transients. The rest of this
brief is organized as follows. In Section II, a brief
overview of AHWR is given. Section III presents the
DSMC design for three-time-scale system. The application
to AHWR and transient simulations are demonstrated
in Section IV, followed by the conclusion in Section V.

II. BRIEF OVERVIEW OF AHWR

AHWR is a 920 MW (thermal), vertical pressure tube
type reactor, cooled by boiling light water and fueled with
(Th-?33U)0, and (Th-Pu)O, pins [14]. The AHWR has
eight absorber rods, eight shim rods, and eight regulating
rods (RRs) as a part of reactivity control devices. The AHWR
core has physical dimension much greater than the neutron
migration length causing xenon-induced spatial oscillations in
power [17]. This necessitates the regulation of global (total) as
well as spatial power over time. The AHWR core is divided in
17 relatively large nodes. The following nonlinear equations
constitute the mathematical model of AHWR [18]-[20]:
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where i = 1,2,...,17 and k = 2,4,6,8. aj; and a;;
denote the coupling coefficients between jth and ith nodes
and self-coupling coefficients of the ith node, respectively.
P, C, I, X, and H are the nodal powers, effective one group
delayed neutron precursor, iodine and xenon concentrations,
and RR positions, respectively. x; and hy; denote the exit
quality and downcomer enthalpy, respectively. Other notations
and symbols have their usual meanings. Values of ¢, ,; and ey,
along with neutronic parameters, nodal volumes, nodal cross
sections, nodal powers, coolant flow rates under full power
operation, and coupling coefficients are given in [21]. The
reactivity term p; in (1) is expressed as p; = pi, + piy + Piy»
where p;,, piy, and p;, are the reactivity feedbacks due to the
control rods, xenon, and coolant void fraction, respectively,
given by

iy

B [(—10.234Hi 1676.203) x 1075, ifi =2,4,6,8

0 elsewhere
o oxiXi
plX Zal
pi, = —5 x 1073(9.2832x7 — 27.7192x} + 31.7643x}

— 17.7389)61-2 +5.2308x; + 0.0792).

Linearizing (1)—(7) around rated values, linear state-space
model can be obtained with the state vector defined as

ha 2L 4 4L]" ®)

P

— [, T ,T
2=z}, 2}

where zgy = [6Hy 0Hy 6Hg 0Hg]T and the rest
(51 /Ery)s - v vy (BE17/E01T, ¢ = X, I, C, x,
P, in which 0 denotes the deviation from the respective

steady-state value of the variable. Likewise, define the input
vector as

7y =

u=[dvy Jvg OJvg 51)8]T )

with v as the voltage signal to kth RR drive and output
vector as

y=[ys n ] (10)

where y, = Z}ll((SP,-/Z}L Pj,) and y; = (JP;/P;)
correspond to normalized global reactor power and nodal
powers, respectively. Then, the system given by (1)—(7) can
be expressed in standard linear state-space form as

z=Az+Bu+Bsigy
y = Mz

Y
12)

where g is the feed water flow rate. Note that, the AHWR sys-
tem has five inputs, namely, four voltage signals to RR drives,
mentioned in (9), and a feed water flow rate gy. Feed water
flow rate is assumed to be directly proportional to the global
reactor power as ¢y = ¢jo (Z}ll P,-/Z}ll P;y), where
qro and P;o are the steady-state values of feed water flow rate

and nodal powers, respectively. Matrices A, B, By, and M
are given in [21]. Furthermore, it is observed that the
eigenvalues of system matrix A fall in three distinct
clusters. First cluster has 38 eigenvalues, ranging from
—1.8870 x 104 to 7.455 x 1073, and is termed as slow
subsystem. Second cluster of 35 eigenvalues, that ranges from
—1.8395x 107! to —1.2514 x 1072, is termed as fast 1 sub-
system and the third cluster, indicating fast 2 subsystem, has
17 eigenvalues ranging from —2.7626 x 10% to —7.2516. It can
be noted that, the eigenvalues in fast 1 and fast 2 subsystems
are in the left half of s-plane. However, the slow subsystem
has four eigenvalues at origin along with six eigenvalues with
positive real parts, which indicate instability. Hence, it is
necessary to design an effective spatial controller for AHWR.
This spatial stabilization and control is achieved by proper
movement of RRs. Therefore, out of the five inputs, four inputs
to RRs [given by (9)] and a feed water flow rate are written
separately in (11).

III. CONTROL PROBLEM OF AHWR SYSTEM

AHWR has large physical dimension. Hence, serious
situation may arise in which different regions of the core may
undergo variations in neutron flux in opposite phases. If these
variations and subsequent oscillations in power distribution
are not controlled, the power density and the rate of change
of power at some locations in the reactor core may exceed
their respective thermal limits, resulting into increased chances
of fuel failure. Hence, spatial control, i.e., to prevent spatial
oscillations from growing, is required. This has been attempted
in [21] and [22] using static output feedback. However, static
output feedback does not guarantee stability of closed-loop
system. Hence, state feedback-based approaches [23], [24]
have been applied to AHWR. However, these control strategies
require a state observer of large order. To overcome this,
MROF-based fast output sampling (FOS) control technique
is investigated in [9]. In FOS, control signal is generated as
a linear combination of a number of output samples collected
in one sampling interval, where input sampling time is larger
compared with output. For example, in [9], sampling time for
spatial control component of input is taken as 60 s. A similar
kind of approach for two-time-scale system is suggested
in [25] for AHWR, where the sampling time is taken as 54 s.
However, for practical reactor control to work with larger
sampling time is not desirable, because in small time, reactor
system can undergo a considerable change. Hence, periodic
output feedback (POF)-based controller for three-time-scale
system of AHWR is presented in [26] with a sampling period
of 2 s. Although MROF-based controllers (i.e., FOS and POF)
give a very simple control structure, they lack robustness and
may not work satisfactorily in the presence of disturbance,
parameter variations, and perturbation in operating conditions.
Hence, a single-input fuzzy logic controller [27] and robust
continuous-time SMC (CSMC) [28] are proposed for spatial
control of AHWR. In [28], AHWR system is decoupled into
slow and fast subsystems by two-stage decomposition and
CSMC is designed using merely slow subsystem states.

The 17 node model of the AHWR, given by the set
of (1)—(7) represents the neutronics and thermal hydraulic
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behavior of the core reasonably, i.e., there is always some
uncertainty in values of coupling coefficients (a;; and a;;)
and the coefficients appearing in (6) and (7). Furthermore,
the accuracy of the model is better with larger number of
nodes in the core. These kinds of situations can be bet-
ter handled by robust controller, like SMC. For this rea-
son, DSMC is proposed for spatial control of AHWR. The
AHWR model is of very high order and numerically ill
conditioned, making the control problem difficult to solve.
However, the three-time-scale property exhibited by the
model can be exploited to simplify the problem. Hence,
the higher order system of AHWR is decomposed into
three subsystems [8]. Thereafter, DSMC law based on the
reaching law approach is designed using slow subsystem
alone, such that it should withstand any external disturbance in
the input channels without causing much variation in the nodal
powers. This controller is applied to the nonlinear system of
AHWR and the simulation results are generated. These results
are compared with the CSMC technique presented in [28] and
DSMC obtained by two-stage decomposition.

IV. DISCRETE-TIME SLIDING MODE CONTROL
FOR THREE-TIME-SCALE SYSTEMS

Consider a linear time invariant, controllable
continuous-time system as

z(t) = Az(t) + Bu(r) + D f(¢) (13)

y(t) = Mz(¢). (14)

Sampling systems (13) and (14) with sampling period 7 yields

Zi+1 = Oz + Tuy + DSy (15)

yi = Mz (16)

where z € N is the state, u € N is the input, y € R’ is
the output, and f € N" is the disturbance. The matrices @, T,
M, and D are of appropriate dimensions. The disturbance part
in (15) is considered to be bounded and satisfies the matching
condition [29]

rank[I'] = rank[I'|D]. (17

Due to this invariance condition, there exist m x r matrix G
such that

D=TG. (18)

As system (13) is controllable, system (15) is also generically
controllable.  Consider that system (15) possesses
three-time-scale property, so that it can be represented as

Z] k+1 P P D3| |zZ1k
i+l | = | P21 P2 Doz | | Z2k
Z3 k+1 D31 D3 P33 | 234
Iy D,
+ (T2 |w+ | Do fi (19)
I'3 D3
yi =[M; M M3][11T,k ZzT,k Z3T,k]T (20)

where z1 € X", 2o, € W2, and z3 € N3 denote the states
such that n1+n2+n3 = n and the matrices ®;;, I';, M;, and D;

359

are of suitable dimensions. Furthermore, from (18), it is
obvious that

D, =T1G, D; =I7G, D3;=TI3G. 21
Now, with (21), system (19) is rearranged as
Z] k+1 Dy Pz D3| |zik
Lyl | = | P21 P D3| |22k
Z3 k11 D3 D3 D33 | | 2z34
Iy
+ | T2 | (ug + Gf). (22)
I3

System (22) can be decoupled into three subsystems and
represented in block diagonal form [8], [9], [30] as

Zs k41 o, 0 0 Zs,k
Zrigst | = [0 D1 0 Zfik
Zf2k+1 0 0 Do | | 2r2k
Iy
+ | I | (o + Gf) (23)
)

where zg, € N, zp1p € W2, and zyo . € R denote,
respectively, slow, fast 1, and fast 2 states. The relation
between the states of (22) and the states of (23) is given by

Zqx = Tz (24)

where z,4 ; = [st,k z?l,k z?z,k]T, Z;p = [le,k zzT,k z3T,k]T, and
the transformation matrix T € R"*". Since system (19) is
assumed to be controllable, pairs (@, I's), (@ r1, ['f1), and
(@2, I'p2) are also controllable [9]. Now, it is assumed that
fast 1 and fast 2 subsystems are stable. This assumption
is required for two reasons. First, in the case of majority
of physical systems, fast modes are stable. If fast modes
are not stable, then one has to design controls for all the
subsystems to obtain composite control satisfying full-order
system, which increase the design complexity. Moreover, the
problem of nuclear reactor considered in this brief has stable
fast 1 and fast 2 modes. Second, although original singularly
perturbed system (19) can be decoupled into three lower
order subsystems, a similar kind of decomposition does not
hold for control law and disturbance. The control law and
disturbance can only be decomposed in time scales but not in
dimensions. Therefore, when it comes to disturbance rejection,
one can only have one subsystem that enters the sliding
mode unless an appropriate dimensional decomposition in the
control law is achieved [10]. Hence, DSMC is designed, for
system (19) using slow subsystem alone. For that, from (23),
slow subsystem can be written as

Zs k+1 = (Dszs,k + Iy (uge + Gfy). (25)

The relationship between slow subsystem states (25) and states
of system (23) is given by

Zik =[Ey 0 0lzg i = Tsza s (26)

where E,, is the identity matrix of order ny. If 1 <m < n
and rank(I'y) = m, there exits an orthogonal transformation
matrix T € M"1*" for system (25) such that TT; = [0 FSTZ]T,
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where Typ € W™ and is nonsingular. Under this
transformation, system (25) is transformed into regular

form [2] as

- _[D1 Dii2] - 0
Zsk+1 = [&)m &)522] Zs k + [fsz (ue + Gfr)  (27)
such that z,; = Tzs,k, where z;; = [islek ZSTZ’k]T with

Zs1,x € WM™ and Zs x € R

A. Design of Sliding Surface

Let us define a sliding function [2] for (27) as s, x = éTis,k
with parameter as

¢/ =[K Eul (28)
where K is m x (n; — m) matrix. Now
Ss.k =€ Zs ) = 0. (29)

Hence, from (28) and (29), one can easily find the relationship

Zs = —Kzg . (30)

Then, the sliding mode dynamics of Zs; x can be represented as

Zs1.ht1 = (Dg11 — P510K)Zg1 1. (3D

If K is so designed that the eigenvalues of (@11 — ®;1,K) are
assigned within the unit circle, then Zzg x is stabilized during
sliding phase. Consequently, from (30), zs x is also stable
confined to the sliding surface. Thus, the stability requirement
of the sliding surface is achieved. Now, the sliding surface for
system (25) can be expressed in terms of the original states as

Ssx = 7z =& Tzg = ¢ zg . (32)

Lemma 1: If motion around s; ; = cTzS,k, for system (25)
is stable, then the motion around

sp = ¢/ T, Tz (33)

for system (15) is also stable.
Proof 1: Refer to the Appendix.

B. Design of Discrete-Time Sliding Mode Control

Once a sliding surface is designed, DSMC can be obtained
using the reaching law approach. From [31], the reaching law
for slow subsystem (25) is obtained as

Ss.k+1 — Ss.k = —qTSs k — ersgn(ss,k) (34

where 7 > 0 is a sampling interval, ¢ > 0, ¢ > 0,
(1 — g7) > 0. Discrete-time controller for system (25) using
stable sliding surface (32) can be obtained from (34) as

U, = _(CT FS)_l [CT (Dszs,k + chTzs,k — Ss.k

+ ersgn(ss,i) ] — Gfy (35)

where sgn(:) is signum function. In (35), Gfy is generally
unknown, so the control in this form cannot be implemented
and the invariance property of the sliding mode is not yet
achievable. To solve this problem, Gf}, is replaced by Gy of the

same dimensions, which must be sufficiently conservative to
maintain the discrete reaching condition. Then, (35) becomes

T —1r1.T T
w = —(c I'y) [C (Dszs,k +qtC’ Zs | — Sk

+ ersgn(ss,k)] — Gy. (36)

The selection of G; will be done in a way similar to that
developed in [16]. Using (25), (32), and (36), the incremental
change in s, ; can be expressed as

T
Ss.k+1 — Ss.k = —qTC Zg | — frsgn(ss,k)

Y + Y. (37)

where Y; = ¢/ TyGy and Y = ¢! TyGf}. It is reasonable to
assume that the bounds of Yy are known as Y; <Y <Y,,
where Y; and Y,, are, respectively, the upper and lower bounds
of the external disturbance. The choice of f(k should ensure
that the deviation of trajectory from the sliding surface is
minimum. The mean and spread of Y, can be defined as
Yo = (Y;+Yy)/2and Y| = (Y, —Y;)/2, respectively. Hence,
the reaching law can be given by

Skl — Ssk = —qre’ Zg ; — (Y1 + €t)sgn(ss 1) — Yo + Y.
(38)

The control law (36) is then conveniently put in the form
u = Fz, ¢ + 0 + p - sgn(ss k) (39)

where F = —(c"Ty) e (®; —E,1 +¢7), 9 = —(c"Ty)" Yy
and p = —(c'Ty)"'(Y; + er). This control will bring
quasi-sliding mode motion for system (25).

Lemma 2: If the control (39) is expressed in terms of the
states of the original system (19) as

uw, = FT, Tz, + 9 + p - sgn(e’ T, Tz) (40)

and applied to the same, it results in a quasi-sliding mode
motion of (19).
Proof 2: Refer to the Appendix.

V. APPLICATION TO AHWR
A. Controller Design

In general, small and medium size nuclear reactors can
be effectively controlled by feedback of global power alone.
However, large nuclear reactor, like AHWR, requires feedback
of spatial power distribution along with the global power
feedback for efficient control. Therefore, the control
input, u in (11), is given by

u = ug, + Ugp 41)

where ugp is the global power component, designed in [21],
and ugp is the spatial power component. After the application
of (41) to system (11), one can obtain

7 =Az 4 Buy, + B;dq; (42)

where A is the closed-loop system matrix with global power
feedback [21]. System (42) is observed to be controllable. This
system also has eigenvalues falling in three distinct clusters:
1) cluster of 38 eigenvalues ranging from 6.2899 x 1073
to (8.8268 + j1.8656) x 1077; 2) cluster of 35 eigenvalues
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that ranges from —1.8396 x 107! to —1.1779 x 1072,
and 3) cluster of 17 eigenvalues ranging from
—2.7626 x 10> to —7.2513 as slow, fast 1, and
fast 2 subsystems, respectively. It is worth noting that,
despite the application of global power feedback, the closed-
loop system possesses four eigenvalues with positive real parts
and three eigenvalues at the origin. These unstable eigenvalues
are in slow subsystem. However, no considerable change in
the locations of eigenvalues of fast 1 and fast 2 subsystems is
observed, i.e., they remain stable. Hence, in addition to global
power feedback, spatial power feedback is also required.

For properly selected sampling time, discrete version of the
continuous-time system, exhibiting three-time-scale property,
also exhibits three-time-scale property [25]. In the case of
AHWR, selection of sampling interval is based on time
constant of delayed neutron precursor, which is of the order
of 159 s [26]. Since the reactor power can undergo large
variations in small time, it is desirable to have small sampling
time from practical implementation point of view and also at
the same time system should possess three-time-scale property
from design point of view. For the several values of sampling
period above 2 s, the proposed controller gives stable response
but gain magnitude increases. However, below 2 s, time-scale
property is violated. Hence, 7 is selected as 2 s and system (42)
is discretized to obtain

Ziy1 = Oz + luy 43)

where ® = ¢A” and T’ = for eABds. In (42), ug, is applied
on continuous basis, i.e., on finer time steps for controlling
fast transients in the global power. Also recall that, gf is
proportional to global power, hence gy is also applied on
continuous basis. Therefore, system (42) is discretized without
feed flow rate input. Moreover, rank[B] # rank[B|B f]. Hence,
matching condition cannot be satisfied. However, this can be
achieved by taking B = D, given in (13) [30]. As a result,
discrete system (43) is rewritten as

Zi+1 = Oz + Tuy + Dfy (44)

where I' = D. Now, the discrete-time model (44) is block
diagonalized into a slow subsystem of order 38, fast 1 subsys-
tem of order 35, and fast 2 subsystem of order 17, with the
state vector (8), partitioned as
T
zp = [z 2y 2]
L = [5hd zg ZI]T

Zgjk = Zp. (45)

The matrices ®, I', and M are partitioned accordingly and
decoupled subsystem matrices are determined. It is observed
that the eigenvalues of the slow, fast 1, and fast 2 subsystems
are in agreement with the largest 38, intermediate 35, and
the smallest 17 eigenvalues of the original system. It is also
verified that the slow, fast 1, and fast 2 subsystems are
controllable and rank(I'y) = m. Furthermore, it is verified
that the eigenvalues of fast 1 and fast 2 subsystems are stable,
i.e., within unit circle in z-plane. Hence, DSMC is designed
simply for the slow subsystem.
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Fig. 1. Variations in azimuthal tilts.

The stable sliding surface for slow subsystem is determined
using the procedure given in Section IV-A. With the hyper-
plane matrix ¢’ of order (4 x 38), sliding surface for original
system of AHWR is formulated satisfying (33). After that, the
overall DSMC law is constructed. All the 90 eigenvalues of
AHWR system are found to be stable. Since sampling time ¢
is 2 s, g is selected as 0.05, so that the condition (1 —g7) > 0
is satisfied. Furthermore, € is taken as 0.005. Thus, the width
of quasi-sliding mode band is found to be ¢ < 0.0026. Using
all these parameters, F of order (4 x 38) is calculated and the
control (40) is formulated.

B. Transient Simulations

The response of the closed-loop system with the proposed
DSMC has been evaluated by carrying out simulations using
vectorized nonlinear model [22] of AHWR obtained from
set of equations (1)—(7). In addition, these nonlinear sim-
ulation results are compared with CSMC [28] and DSMC
both obtained by two-stage decomposition, under the same
representative transients. This two-stage DSMC is the discrete-
time version of CSMC [28] with reaching condition (34),
whereas in the case of CSMC sigmoid function is used [28].
Performances of these control techniques are examined with
three different transient conditions.

First consider the disturbance in the RR position as the case
of state regulation. The system is assumed to be operating
at steady state, with all RRs at their equilibrium positions
(i.e., 66.07% in). Now by giving proper control signal,
quickly RR2, originally under auto control was driven out by
almost 1% manually, and left under the effect of automatic
control thereafter. This initiated the perturbations in spatial
and global power distribution, which were suppressed by the
proposed controller, as shown in Figs. 1 and 2. Spatial oscil-
lations are measured in terms of first and second azimuthal
tilts [28], as shown in Fig. 1. Since the disturbance is of
very short duration, spatial power variations are observed to
be very small and completely suppressed after about 100 s.
Global power variations obtained with all the controllers,
during the transient, are shown in Fig. 2. From the zoomed-in
part of Fig. 2, it can be noted that, the performances of both the
proposed DSMC and two-stage DSMC, are nearly same and
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Fig. 4. Global power variations during power maneuvering from

920.48 to 828.43 MW.

slightly better than CSMC. When RR2 is driven out by 1%,
all other RRs are driven in and come back to their equilibrium
position of 66.07% within about 100 s, as presented in Fig. 3.

In the second transient, power maneuvering is considered.
In this demand in global power is decreased uniformly,
from steady-state value of 920.48-828.43 MW at the rate
of 1.5 MW/s in approximately 61 s and maintained constant
thereafter. This transient can be considered as the case of
trajectory tracking. During the transient, variations in global
power obtained with different controllers are shown in Fig. 4.
Although in all the controls, global power is following the

921.2 T T T T
920.484 Two-stage CSMC[28]
921} Proposed DSMC
. 920.482 — - — - Two-stage DSMC
% :
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920.2 ' ' ' '
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Fig. 5. Global power variations due to positive step change of 5% in
feed flow.
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Fig. 6. Variations in RRs positions due to positive step change of 5% in
feed flow.

demand power exactly, response of the suggested controller
is found to be superior to other controllers. This can be
evident from the zoomed-in part of Fig. 4. However, in all
the controllers, after attaining demand power, no variations
were observed during a long-term simulation.

Furthermore, the response of the system is assessed by
giving disturbance in feed water flow and transient is simulated
with nonlinear model of AHWR. For this disturbance, positive
step change of 5% was introduced in feed flow, when the
reactor was operating at steady state. As a result of this,
the global power underwent variations, as given in Fig. 5.
Due to the controller action, global as well as nodal powers
are regulated at their respective steady-state values. This is
compensated by changing the position of RRs, as shown
in Fig. 6. From Fig. 5, it can be observed that the proposed
controller and two-stage DSMC are completely insensitive
to the disturbance in the feed flow, whereas, global power
variations with CSMC are about 0.076%. Further zooming the
portion of global power variations, it is observed that there
exists some steady-state error with two-stage DSMC. Again
from Fig. 6, it can be observed that RRs take almost 800 s to
settle to the new steady state with two-stage DSMC compared
with 270 s taken by the proposed DSMC.

From the transient simulations, it can be noted that the
performance of DSMCs, both the proposed and two-stage,
is better than CSMC as far as regulation, tracking, and distur-
bance rejection are concerned. However, the close observation
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of the proposed and the two-stage DSMC shows that the pro-
posed controller is performing well. Moreover, it is observed
that the gain magnitude obtained with the two-stage DSMC is
near about three to four times greater than that of the proposed
one. This is because of the combination of slow and fast 1
modes to form slow subsystem in two-stage decomposition.
Hence, the overall performance of the proposed DSMC is
better than other controllers.

VI. CONCLUSION

In this brief, the design of DSMC for matched uncer-
tain three-time-system is presented. The suggested method is
then explored for spatial power stabilization of AHWR. The
AHWR system is linearized and is decomposed into three
subsystems by direct block diagonalization. DSMC law is then
designed using only the slow subsystem states. Subsequently,
the DSMC law for full-order system is obtained. Effectiveness
of the proposed controller is established from the simulations
carried out under different transient conditions with vectorized
nonlinear model. Furthermore, the results obtained with the
suggested controller are compared with the other sliding mode
controllers and the performance is found to be superior.

APPENDIX

Proof 1: As s; ) = cTzS,k is a stable sliding surface
for (25), the motion around s;j; can be obtained by
setting Sg x+1 = 0. Therefore, the equivalent DSMC law is

w = —(c'Ty) el gz, — Gfy. (46)
Thus, the motion along z x is given by
Zg 1 = (@5 — Iy Ty) el @)z (47)

As (47) is stable by design, eigenvalues of
(®y — Ty’ Ty) el d;) will be stable. Now, the motion
around s = cTTSzd,k for system (23) is obtained by setting
Sk+1 = 0 and writing

w=—c'Ty) el [dy 0 0]zgx — Gfy. (48)
Hence, the motion around the switching surface sy is
O, — T’y elTo, 0 0
Zik+1 = | —TpTo)Tledoy  @p 0 |zgp
—Ffz(cTFS)flcT(Ds 0 )
(49)

As (®; — Ty(e’Ty) leTdy) is stable by design and
® 7y and @y, are assumed to be stable, the sliding motion of
S = cTTszd,k is stable. Furthermore, systems (19) and (23)
are related through (24), therefore (33) is stable sliding surface
for (19) and consequently for system (15).

Proof 2: If it can be shown that the control law

w =FTzg +9 + p - sgn(e’ Tyzq z) (50)
is able to bring a sliding mode motion for system (23), then

u, = FT,Tz; + 9 + p - sgn(c! T, Tz;) (51)
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will bring a sliding mode motion for system (19). Therefore,
from (32), the reaching law (38) can be expressed as

T T
C Zspr1 —C Zs i

= —qrcTzS,k — (Y1 + er)sgn(cTzsjk) —Yo+Yr. (52

Using relations (24) and (26), the reaching law (52) can be
rewritten as

cTTSTzkH — cTTSTzk
= —qrcTTSTzk — (Y1 + er)sgn(cTTstk) — Yo + Yk
(53)

Further using (33), system (53) can be modified to obtain

Skl — Sk = —qtsg — (Y1 +er)sgn(sy) — Yo + Yi.  (54)

Thus, the reaching law (34) is equivalent to the reaching
law (54). Therefore, it can be concluded that, any con-
trol that satisfies the reaching law (52) [i.e., the reaching
law (34)], would automatically satisfy the original system
reaching law (54).
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