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End-Sem Examination-I, Winter 2025 

Academic Year: 2025-2026 Semester: II 

Class: F.Y. M. Tech Program: M. Tech 

Branch Code: CIV Pattern: 2024 

Name of Course: Finite Element Method Course Code: 2404512 

--------------------------------------------------------------------------------------------------------------------- 

Q. Answer Marks 

1 Different types of elements in FEM 

1D elements…….. (1) 

2D elements- CST, LST, QST, Rectangular elements, serendipity elements, Quadrilateral, 2D 

curve, iso-parametric, axisymmetric……. (3) 

3D elements……… (2) 

6 

2 Explain in detail all the steps of Finite Element Method. 

Basic Steps in Finite Element Analysis  

The following steps are performed for finite element analysis.  

1. Discretisation of the continuum: The continuum is divided into a number of elements by 

imaginary lines or surfaces. The interconnected elements may have different sizes and shapes.  

2. Identification of variables: The elements are assumed to be connected at their intersecting 

points referred to as nodal points. At each node, unknown displacements are to be prescribed.  

3. Choice of approximating functions: Displacement function is the starting point of the 

mathematical analysis. This represents the variation of the displacement within the element.  

The displacement function may be approximated in the form a linear function or a higher order 

function. A convenient way to express it is by polynomial expressions. The shape or  

geometry of the element may also be approximated.  

4. Formation of the element stiffness matrix: After continuum is discretised with desired 

element shapes, the individual element stiffness matrix is formulated. Basically it is a 

minimization procedure whatever may be the approach adopted. For certain elements, the form 

involves a great deal of sophistication. The geometry of the element is defined in reference to 

the global frame. Coordinate transformation must be done for elements where it is necessary.  

5. Formation of overall stiffness matrix: After the element stiffness matrices in global 

coordinates are formed, they are assembled to form the overall stiffness matrix. The assembly 

is done through the nodes which are common to adjacent elements. The overall stiffness matrix 

is symmetric and banded.  

6. Formation of the element loading matrix: The loading forms an essential parameter in any 

structural engineering problem. The loading inside an element is transferred at the nodal points 

and consistent element matrix is formed.  

7. Formation of the overall loading matrix: Like the overall stiffness matrix, the element loading 

matrices are assembled to form the overall loading matrix. This matrix has one column per 

loading case and it is either a column vector or a rectangular matrix depending on the number 

of loading cases.  

8. Incorporation of boundary conditions: The boundary restraint conditions are to be imposed 

in the stiffness matrix. There are various techniques available to satisfy the boundary 

conditions. One is the size of the stiffness matrix may be reduced or condensed in its final form. 

To ease computer programming aspect and to elegantly incorporate the boundary conditions, 

the size of overall matrix is kept the same.  

6 

3 a) Using generalized co-ordinate approach find shape functions for two nodded bar element 8 
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OR  

b) Determine the shape functions for the Constant Strain Triangle (CST) using polynomial 

functions. 

8 



 

K. K. Wagh Institute of Engineering Education and Research, 

Nashik 

(An Autonomous Institute from A.Y. 2022-23) 

 
 

Page 3 of 18 
 

 

 



 

K. K. Wagh Institute of Engineering Education and Research, 

Nashik 

(An Autonomous Institute from A.Y. 2022-23) 

 
 

Page 4 of 18 
 

 

 

 
c) A three nodded triangular element as shown in fig. 3(c) is used in plane elasticity problem. 

Find shape functions. (8) 
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(𝑥1, 𝑦1) = (0, 0), (𝑥2, 𝑦2) = (7, 0), (𝑥3, 𝑦3) = (3, 5)   

[𝑁] = [𝑃][𝐴]−1………(1) 

[𝑁] = [1 𝑥 𝑦] [
1 0 0
1 7 0
1 3 5

]

−1

……… . . (1) 

[𝑁] = [1 𝑥 𝑦]
1

35
[
35 0 0
−5 5 0
−4 −3 7

]…………(3) 

𝑁1 =
35 − 5𝑥 − 4𝑦

35
…… . . (1) 

𝑁2 =
5𝑥 − 3𝑦

35
…… . . (1) 

𝑁3 =
7𝑦

35
…… . . (1) 

OR  

d) Coordinates of nodes of CST are shown in fig. 3(d). At interior point P if x = 2.8 and value 

of 𝑁1 = 0.3, Find coordinate of point P and values of 𝑁2 𝑎𝑛𝑑 𝑁3. 

 
(𝑥1, 𝑦1) = (6, 4), (𝑥2, 𝑦2) = (4, 7), (𝑥3, 𝑦3) = (2, 3) 

[𝑁] = [𝑃][𝐴]−1………(1) 

[𝑁] = [1 𝑥 𝑦] [
1 6 4
1 4 7
1 2 3

]

−1

……… . . (1) 
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[𝑁] = [1 𝑥 𝑦]
1

14
[
3 −10 26
4 −1 −3
−2 4 −2

]…………(3) 

Putting value of 𝑁1 = 0.3 𝑎𝑛𝑑 𝑥 = 2.8 

𝑁1 =
3 + 4𝑥 − 2𝑦

14
; 0.3 =

3 + (4 × 2.8) − 2𝑦

14
 

𝑦 = 5.0………(1) 

Using 𝑥 = 2.8 𝑎𝑛𝑑 𝑦 =  5.0 

𝑁2 =
−10 − 𝑥 + 4𝑦

14
=
−10 − 2.8 + (4 × 5.0)

14
= 0.51…… . . (1) 

𝑁3 =
26 − 3 × 2.8 − (2 × 5.0)

14
= 0.54…… . . (1) 

4 a) For an axisymmetric element state relation between Strain and Displacement.    (8)                                                                               
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OR  

b) Derive Jacobian matrix for four nodded iso-parametric quadrilateral element. 

   
1. Shape functions 

𝑁1 =
(1−𝜁)(1−𝜂)

4
; 𝑁2 =

(1+𝜁)(1−𝜂)

4
; 𝑁3 =

(1+𝜁)(1+𝜂)

4
; 𝑁4 =

(1−𝜁)(1+𝜂)

4
 

2. Displacement 

𝑢 = 𝑁1𝑢1 + 𝑁2𝑢2 + 𝑁3𝑢3 + 𝑁4𝑢4 

𝑣 = 𝑁1𝑣1 + 𝑁2𝑣2 +𝑁3𝑣3 + 𝑁4𝑣4 

3. Strains 

𝜖𝑥 =
𝜕𝑢

𝜕𝑥
, 𝜖𝑦 =

𝜕𝑣

𝜕𝑦
, 𝛾𝑥𝑦 =

𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
 

∈𝑥=
𝜕𝑁1
𝜕𝑥

𝑢1 +
𝜕𝑁2
𝜕𝑥

𝑢2 +
𝜕𝑁3
𝜕𝑥

𝑢3 +
𝜕𝑁4
𝜕𝑥

𝑢4 

∈𝑦=
𝜕𝑁1
𝜕𝑦

𝑣1 +
𝜕𝑁2
𝜕𝑦

𝑣2 +
𝜕𝑁3
𝜕𝑦

𝑣3 +
𝜕𝑁4
𝜕𝑦

𝑣4 

𝛾𝑥𝑦 =
𝜕𝑁1
𝜕𝑦

𝑢1 +
𝜕𝑁2
𝜕𝑦

𝑢2 +
𝜕𝑁3
𝜕𝑦

𝑢3 +
𝜕𝑁4
𝜕𝑦

𝑢4 +
𝜕𝑁1
𝜕𝑥

𝑣1 +
𝜕𝑁2
𝜕𝑥

𝑣2 +
𝜕𝑁3
𝜕𝑥

𝑣3 +
𝜕𝑁4
𝜕𝑥

𝑣4 

1. Jacobian Matrix 

Appling chain rule to represent derivatives of shape functions w.r.t. cartesian coordinates 
𝜕𝑁𝑖

𝜕𝑥
=

𝜕𝑁𝑖

𝜕𝜁

𝜕𝜁

𝜕𝑥
+
𝜕𝑁𝑖

𝜕𝜂

𝜕𝜂

𝜕𝑥
; 
𝜕𝑁𝑖

𝜕𝑦
=

𝜕𝑁𝑖

𝜕𝜁

𝜕𝜁

𝜕𝑦
+
𝜕𝑁𝑖

𝜕𝜂

𝜕𝜂

𝜕𝑦
 

{
 

 
𝜕𝑁𝑖
𝜕𝑥
𝜕𝑁𝑖
𝜕𝑦 }
 

 
=

[
 
 
 
𝜕𝜁

𝜕𝑥

𝜕𝜂

𝜕𝑥
𝜕𝜁

𝜕𝑦

𝜕𝜂

𝜕𝑦]
 
 
 

{
 

 
𝜕𝑁𝑖
𝜕𝜁
𝜕𝑁𝑖
𝜕𝜂 }
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[𝐽] =

[
 
 
 
 
𝜕𝑥

𝜕𝜁

𝜕𝑥

𝜕𝜂
𝜕𝑦

𝜕𝜁

𝜕𝑦

𝜕𝜂]
 
 
 
 

 

c) Determine Jacobian Matrix for four nodded iso-parametric quadrilateral element as shown 

in fig. 4c (8) 

     
 

1. Parent element-  

2. Shape function- 

𝑁1 =
(1−𝜁)(1+𝜂)

4
; 𝑁2 =

(1+𝜁)(1+𝜂)

4
; 𝑁3 =

(1+𝜁)(1−𝜂)

4
; 𝑁4 =

(1−𝜁)(1−𝜂)

4
 

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑦 − 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑐𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 

𝑥 = 𝑁1𝑥1 + 𝑁2𝑥2 + 𝑁3𝑥3 +𝑁4𝑥4 

𝑦 = 𝑁1𝑦1 + 𝑁2𝑦2 + 𝑁3𝑦3 + 𝑁4𝑦4 

3. Jacobian Matrix 

[𝐽] =

[
 
 
 
 
𝜕𝑥

𝜕𝜁

𝜕𝑥

𝜕𝜂
𝜕𝑦

𝜕𝜁

𝜕𝑦

𝜕𝜂]
 
 
 
 

 

𝜕𝑥

𝜕𝜁
=
𝜕𝑁1
𝜕𝜁

𝑥1 +
𝜕𝑁2
𝜕𝜁

𝑥2 +
𝜕𝑁3
𝜕𝜁

𝑥3 +
𝜕𝑁4
𝜕𝜁

𝑥4 

𝜕𝑥

𝜕𝜂
=
𝜕𝑁1
𝜕𝜂

𝑥1 +
𝜕𝑁2
𝜕𝜂

𝑥2 +
𝜕𝑁3
𝜕𝜂

𝑥3 +
𝜕𝑁4
𝜕𝜂

𝑥4 

𝜕𝑦

𝜕𝜁
=
𝜕𝑁1
𝜕𝜁

𝑦1 +
𝜕𝑁2
𝜕𝜁

𝑦2 +
𝜕𝑁3
𝜕𝜁

𝑦3 +
𝜕𝑁4
𝜕𝜁

𝑦4 

4. 
𝜕𝑦

𝜕𝜂
=

𝜕𝑁1

𝜕𝜁
𝑦1 +

𝜕𝑁2

𝜕𝜂
𝑦2 +

𝜕𝑁3

𝜕𝜂
𝑦3 +

𝜕𝑁4

𝜕𝜂
𝑦4Parent element-  

5. Shape function- 

𝑁1 =
(1−𝜁)(1+𝜂)

4
; 𝑁2 =

(1+𝜁)(1+𝜂)

4
; 𝑁3 =

(1+𝜁)(1−𝜂)

4
; 𝑁4 =

(1−𝜁)(1−𝜂)

4
 

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑦 − 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑐𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 

𝑥 = 𝑁1𝑥1 + 𝑁2𝑥2 + 𝑁3𝑥3 +𝑁4𝑥4 

𝑦 = 𝑁1𝑦1 + 𝑁2𝑦2 + 𝑁3𝑦3 + 𝑁4𝑦4 

6. Jacobian Matrix 

[𝐽] =

[
 
 
 
 
𝜕𝑥

𝜕𝜁

𝜕𝑥

𝜕𝜂
𝜕𝑦

𝜕𝜁

𝜕𝑦

𝜕𝜂]
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𝜕𝑥

𝜕𝜁
=
𝜕𝑁1
𝜕𝜁

𝑥1 +
𝜕𝑁2
𝜕𝜁

𝑥2 +
𝜕𝑁3
𝜕𝜁

𝑥3 +
𝜕𝑁4
𝜕𝜁

𝑥4 

𝜕𝑥

𝜕𝜂
=
𝜕𝑁1
𝜕𝜂

𝑥1 +
𝜕𝑁2
𝜕𝜂

𝑥2 +
𝜕𝑁3
𝜕𝜂

𝑥3 +
𝜕𝑁4
𝜕𝜂

𝑥4 

𝜕𝑦

𝜕𝜁
=
𝜕𝑁1
𝜕𝜁

𝑦1 +
𝜕𝑁2
𝜕𝜁

𝑦2 +
𝜕𝑁3
𝜕𝜁

𝑦3 +
𝜕𝑁4
𝜕𝜁

𝑦4 

𝜕𝑦

𝜕𝜂
=
𝜕𝑁1
𝜕𝜁

𝑦1 +
𝜕𝑁2
𝜕𝜂

𝑦2 +
𝜕𝑁3
𝜕𝜂

𝑦3 +
𝜕𝑁4
𝜕𝜂

𝑦4 

𝜕𝑁1
𝜕𝜁

=
−1(1 + 𝜂)

4
;
𝜕𝑁2
𝜕𝜁

=
(1 + 𝜂)

4
; 
𝜕𝑁3
𝜕𝜁

=
(1 − 𝜂)

4
;
𝜕𝑁4
𝜕𝜁

=
−1(1 − 𝜂)

4
 

𝜕𝑁1
𝜕𝜂

=
(1 − 𝜁)

4
;
𝜕𝑁2
𝜕𝜂

=
(1 + 𝜁)

4
; 
𝜕𝑁3
𝜕𝜂

=
−1(1 + 𝜁)

4
;
𝜕𝑁4
𝜕𝜂

=
−1(1 − 𝜁)

4
 

Putting values of cartesian coordinates 
𝜕𝑥

𝜕𝜁
=
−1(1 + 𝜂)

4
(3) +

(1 + 𝜂)

4
(5) +

(1 − 𝜂)

4
(6) +

−1(1 − 𝜂)

4
(1) 

𝜕𝑥

𝜕𝜁
=
−3 − 3𝜂 + 5 + 5𝜂 + 6 − 6𝜂 − 1 + 1𝜂

4
=
7 − 3𝜂

4
 

𝜕𝑥

𝜕𝜂
=
(1 − 𝜁)

4
(3) +

(1 + 𝜁)

4
(5) +

−1(1 + 𝜁)

4
(6) +

−1(1 − 𝜁)

4
(1) 

𝜕𝑥

𝜕𝜂
=
3 − 3𝜁 + 5 + 5𝜁 − 6 − 6𝜁 − 1 + 1𝜁

4
=
1 + 3𝜁

4
 

𝜕𝑦

𝜕𝜁
=
−1(1 + 𝜂)

4
(7) +

(1 + 𝜂)

4
(8) +

(1 − 𝜂)

4
(4) +

−1(1 − 𝜂)

4
(3) 

𝜕𝑦

𝜕𝜁
=
−7 − 7𝜂 + 8 + 8𝜂 + 4 − 4𝜂 − 3 + 3𝜂

4
=
2

4
 

𝜕𝑦

𝜕𝜂
=
(1 − 𝜁)

4
(7) +

(1 + 𝜁)

4
(8) +

−1(1 + 𝜁)

4
(4) +

−1(1 − 𝜁)

4
(3) 

𝜕𝑦

𝜕𝜂
=
7 − 7𝜁 + 8 + 8𝜁 − 4 − 4𝜁 − 3 + 3𝜁

4
=
8

4
 

[𝐽] = [

7 − 3𝜂

4

1 + 3𝜁

4
2

4

8

4

] 

                                                                  

OR  

d) Determine natural coordinates (ζ, η) of the any point P whose cartesian coordinates are (3, 

4) for four nodded iso-parametric quadrilateral elements as shown in fig. 4(d) 

  
1. Shape function- 
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𝑁1 =
(1−𝜁)(1+𝜂)

4
; 𝑁2 =

(1+𝜁)(1+𝜂)

4
; 𝑁3 =

(1+𝜁)(1−𝜂)

4
; 𝑁4 =

(1−𝜁)(1−𝜂)

4
 

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑦 − 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑐𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 

𝑥 = 𝑁1𝑥1 + 𝑁2𝑥2 + 𝑁3𝑥3 +𝑁4𝑥4 

𝑦 = 𝑁1𝑦1 + 𝑁2𝑦2 + 𝑁3𝑦3 + 𝑁4𝑦4 

For x = 3 and y = 4, 

3 =
(1 − 𝜁)(1 + 𝜂)

4
(3) +

(1 + 𝜁)(1 + 𝜂)

4
(5) +

(1 + 𝜁)(1 − 𝜂)

4
(6) +

(1 − 𝜁)(1 − 𝜂)

4
(1) 

3 =
3(1 + 𝜂 − 𝜁 − 𝜁𝜂) + 5(1 + 𝜂 + 𝜁 + 𝜁𝜂) + 6(1 − 𝜂 + 𝜁 − 𝜁𝜂) + 1(1 − 𝜂 − 𝜁 + 𝜁𝜂)

4
 

12 = 2 + 2𝜂 − 2𝜁 − 2𝜁𝜂 + 3 + 3𝜂 + 3𝜁 + 3𝜁𝜂 + 5 − 5𝜂 + 5𝜁 − 5𝜁𝜂 + 1 − 1𝜂 − 1𝜁 + 1𝜁𝜂 

12 = 11 − 1𝜂 + 5𝜁 + 5𝜁𝜂, 1 = −1𝜂 + 5𝜁 − 5𝜁𝜂 …… . . 𝑒𝑞. 1 

𝜂 = 

4 =
(1 − 𝜁)(1 + 𝜂)

4
(7) +

(1 + 𝜁)(1 + 𝜂)

4
(8) +

(1 + 𝜁)(1 − 𝜂)

4
(4) +

(1 − 𝜁)(1 − 𝜂)

4
(3) 

4 =
7(1 + 𝜂 − 𝜁 − 𝜁𝜂) + 8(1 + 𝜂 + 𝜁 + 𝜁𝜂) + 4(1 − 𝜂 + 𝜁 − 𝜁𝜂) + 3(1 − 𝜂 − 𝜁 + 𝜁𝜂)

4
 

16 = 5 + 5𝜂 − 5𝜁 − 5𝜁𝜂 + 6 + 6𝜂 + 6𝜁 + 6𝜁𝜂 + 3 − 3𝜂 + 3𝜁 − 3𝜁𝜂 + 2 − 2𝜂 − 2𝜁 + 2𝜁𝜂 

 

16 = 17 + 7𝜂 + 3𝜁 + 𝜁𝜂,−1 = 7𝜂 + 3𝜁 + 𝜁𝜂 …… . . 𝑒𝑞. 2 

Putting η =,  

−1 = (7 × 3) + 3𝜁 + 3𝜁,−22 = 6𝜁,  
𝜁, 𝜂 = 

5 a) Explain with neat sketches the various three-dimensional elements used in the analysis of 

shells. (8) 
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OR  

b) Explain Mindlin’s theory of plate element. 
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c) Continuity 8 
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OR  

d) Write displacement fields in 4 nodded degenerated shell elements 8 
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