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Different types of elements in FEM

1D elements........ (1)

2D elements- CST, LST, QST, Rectangular elements, serendipity elements, Quadrilateral, 2D
curve, iso-parametric, axisymmetric....... 3)

3D elements......... 2

Explain in detail all the steps of Finite Element Method.

Basic Steps in Finite Element Analysis

The following steps are performed for finite element analysis.

1. Discretisation of the continuum: The continuum is divided into a number of elements by
imaginary lines or surfaces. The interconnected elements may have different sizes and shapes.
2. ldentification of variables: The elements are assumed to be connected at their intersecting
points referred to as nodal points. At each node, unknown displacements are to be prescribed.
3. Choice of approximating functions: Displacement function is the starting point of the
mathematical analysis. This represents the variation of the displacement within the element.
The displacement function may be approximated in the form a linear function or a higher order
function. A convenient way to express it is by polynomial expressions. The shape or
geometry of the element may also be approximated.

4. Formation of the element stiffness matrix: After continuum is discretised with desired
element shapes, the individual element stiffness matrix is formulated. Basically it is a
minimization procedure whatever may be the approach adopted. For certain elements, the form
involves a great deal of sophistication. The geometry of the element is defined in reference to
the global frame. Coordinate transformation must be done for elements where it is necessary.
5. Formation of overall stiffness matrix: After the element stiffness matrices in global
coordinates are formed, they are assembled to form the overall stiffness matrix. The assembly
is done through the nodes which are common to adjacent elements. The overall stiffness matrix
is symmetric and banded.

6. Formation of the element loading matrix: The loading forms an essential parameter in any
structural engineering problem. The loading inside an element is transferred at the nodal points
and consistent element matrix is formed.

7. Formation of the overall loading matrix: Like the overall stiffness matrix, the element loading
matrices are assembled to form the overall loading matrix. This matrix has one column per
loading case and it is either a column vector or a rectangular matrix depending on the number
of loading cases.

8. Incorporation of boundary conditions: The boundary restraint conditions are to be imposed
in the stiffness matrix. There are various techniques available to satisfy the boundary
conditions. One is the size of the stiffness matrix may be reduced or condensed in its final form.
To ease computer programming aspect and to elegantly incorporate the boundary conditions,
the size of overall matrix is kept the same.

a) Using generalized co-ordinate approach find shape functions for two nodded bar element
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Solution: Figure 5.5 shows the typical truss element. In this case nodal unknowns are displacements u and u,
along x-axis. For this element we have to select polynomial with only two constants to represent displacement
at any point in the elements. Hence we select

U=+ iy X .. (5.11)

where @, and o, are generalized coordinates. This polynomial satisfies compatibility and completeness
requirement. Writing equation 5.11 in the matrix form we have,
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Fig. 5.5 Bar/Truss element with two nodes

)

since ¢ = u, at node 1 and equal to u, at node 2, we have

a={ehft 1))
o[ AT o] el e
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1]
=[N, Nz]{u;} =N+ N,

X = X

Xy — X
where N, =22 and N, =
I

Thus the shape function [V] is

IN]:[Nl NE]:[XZ;I x_J,Xl] Answer

OR

b) Determine the shape functions for the Constant Strain Triangle (CST) using polynomial
functions.
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From the consideration of compatibility and completeness the following displacement model is selected
U=0+ Gy X+ g ¥
V=g + G X+ g Y ... (5.14)
o=yt Oy X F Oy N
Uy = 0fy+ Oy Xy + Ofg ¥y
Uy = 0+ Oy X3 + O3 )y
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Where A is the area of triangle with vertices at (x. v}, (x,. ) and (x,, ¥) L.e. the area of the element.
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a3 by oo U G G GJlih
where a =x,y -x ¥, a=x ¥y XV a, =X ¥, -4 ¥
b=y, ¥, b=y, -, b=y -%
€ =X -X €, =X, — X, C,=X,— X,

same as used in deriving natural coordinates.
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¢) A three nodded triangular element as shown in fig. 3(c) is used in plane elasticity problem.
Find shape functions. (8)
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A
32,4
1(0,0) (6, 0),
A
3@3,5)
1(0,0) 7.0

(x1,¥1) = (0,0), (x2,¥2) = (7,0), (x3,¥3) = (3,5)
[N] = [P][A] 7Y ... ...... (D

1 0 o1
[N]=[1 x y][1 7 0] (D)
1 3 5
135 0 0
N =11 x ¥l5z|-5 5 0]............(3)
—4 -3 7
N _35—-5x—4y D
e T R (
_ 5x—3y
2= 3% )
_7y
N; =% (1)
OR

d) Coordinates of nodes of CST are shown in fig. 3(d). At interior point P if x = 2.8 and value

of N, = 0.3, Find coordinate of point P and values of N, and N.
4 24,7

1(6,4)

32,3

S

(1 y1) = (6,4), (0 y2) = (4,7), (x5, ¥5) = (2,3)
[N] = [P][A]" ... ... )

(D

[N]=]1 x y][l 4 7
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1[3 -10 26
N =[1 «x y]ﬁlél -1 —3] N )
-2 4 -2

Putting value of N; = 0.3 and x = 2.8
_3+4x—2y_03_3+(4><2.8)—2y
v 14 7 14

Usingx = 2.8andy = 5.0
o o T10—x+4y  —10-28+(4x50)
2 14 B 14

26—3%x2.8—(2x5.0

=0.51......(0)

a) For an axisymmetric element state relation between Strain and Displacement. (8)
5.6.2 Relation between Strain and Displacement

An axisymmetric problem is readily described in cylindrical polar coordinate system: r, z and 8.
Here, 8 measures the angle between the plane containing the point and the axis of the coordinate
system. At 8 = 0, the radial and axial coordinates coincide with the global Cartesian X and ¥
coordinates.  Fig. 5.6.2 shows a cylindrical coordinate system and the definition of the position
vectors. Let £,z and @ be unit vectors in the radial, axial, and circumferential directions at a point in
the cylindrical coordinate system.

system. At 8 = 0, the radial and axial coordinates coincide with the global Cartesian X and ¥
coordinates.  Fig. 5.6.2 shows a cylindrical coordinate system and the definition of the position
vectors. Let £,z and @ be unit vectors in the radial, axial, and circumferential directions at a point in

the cylindrical coordinate system.

Fig. 5.6.2 Cylindrical Coordinate System
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If the loading consists of radial and axial components that are independent of 6 and the material is
either isotropic or orthotropic and the material properties are independent of 8, the displacement at
any point will only have radial (1, ) and axial (u;) components. The only stress components that will

be nonzero are gy, Tgz, Tgg and T, .

dr

dr

(a) Element in r-z plane  (b) Element in r-0 plane
A differential element of the body in the r-z plane is shown in Fig. 5.6.3(a). The element undergoes
deformation in the radial direction. Therefore, it initiates increase in circumference and associated
circumferential strain. Let denote the radial displacement as u, the circumferential displacement as v,
and the axial displacement as w. Dashed line represents the deformed positions of the body in Fig.

5.6.3(b). The radial strain can be calculated from the above diagram as

&:J.—i[r,f+f_}—l'll>-<.:J"r—:.']—f'_111 (5.6.1)
dr ar dr
Since the rz plane is effectively the same as a rectangular coordinate system, the axial strain will
become
;. —i[w—ﬂxa’z—w _ow (5.6.2)
B Oz dz

Considering the original arc length wversus the deformed arc length, the differential element
undergoes an expansion in the circumferential direction. Before deformation, let the arc length is
assumed as ds = rdB. After deformation, the arc length will become ds = (r+u) dB. Thus, the
tangential strain will be
o (r+u)dd-rdb u
S

Similarly, the shear strain will be

(5.6.3)
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o du | Ow
(= —t—
Y0z O (5.6.4)
Np=0and ~ =0
[hus, there are four strain components present in this case and 1s given by
cu [ i
- — 0
ch or
& o ¢
el = L]
il,u'_.r'} = = = r f56.5}
£, u 1 0 |w)
¥ F r
cu o d
gz orl) Léz orl
OR
b) Derive Jacobian matrix for four nodded iso-parametric quadrilateral element.
3 (xs, V3

4 (X4, ¥9)

1 (xla .vl)

2(x3,¥2)

1. Shape functions
2. Displacement
u= N1u1 + Nzuz + N3u3 + N4_u4_
V= val + szz + N3v3 + N4,v4,
3. Strains
_ou v _du v
€x = ox’ €y = ay’ Yay = dy = ox
ON, 9N, AN, AN,
Ex Wul +Wu2 +Wu3 +Wu4
oN, dN, 9N,  ON,
Ey= Wvl + WUZ + E?& + sz}
N, 9N, N, AN, oN, 9N, ANy  ON,
]/xy=ayu1+ayu2 ayU3 ayu4+axv1+axv2+axv3+axv4

1. Jacobian Matrix
Appling chain rule to represent derivatives of shape functions w.r.t. cartesian coordinates

ONi _ ONi9¢ | ONiOn. Ny _ ONidg | ONiOn
dx 8¢ ox on dx' dy 8¢ dy  9n oy
dN; a¢ dn %
ax | _|ox oax|) o¢
ON;( —|0¢ onm|)aN;

ay) lay ayl oy
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dx Ox
_{9¢ on
Ul = dy dy
¢ dn

c) Determine Jacobian Matrix for four nodded iso-parametric quadrilateral element as shown
in fig. 4c (8)

2 (5, 8)
13,7

(6,4)

4(1.3)

1. Parent element-

2. Shape function-
(1-0)(1+7n). N 1+ +n),
T 2T T 4

(1+4)(1-1) . (1-(1-n)
Ny === Ny =———

Geometry — cartesian cordinates
X = lel + Nzxz + N3X3 + N4X4

Y = Niy:s + N2y, + N3ys + Nuy,
3. Jacobian Matrix

Ny =

[Ox 6x]

|a¢ anl

% 2

o¢ adn

ox aN1 aN2 aN3 LY
X

g af 35 C 6{

ax N, +(’)N2 +6N3 +6N4

an o T a2 T e B an *

¥y aN1 LN, 0N 0N,

Ul =

+
6( 6( ¢ Y2t ¢ V3 ¢ Va
: gz = 6;21 Y1 + yz + %y3 + —y4Parent element-
5. Shape functlon-
N, = 1-0@+n), ‘N, = 1+ @A+m). : Ny = 1+Ha-n) | ‘N, = 1-9a-n)

4 4 4 4

Geometry — cartesian cordinates
X = lel + N2x2 + N3x3 + N4X4
_ Y =Ny + Ny, + Nays + Nay,
6. Jacobian Matrix
[ax 6x]
|

g an)
dy ayJ

1=
[6_( an

Page 9 of 18




K. K. Wagh Institute of Engineering Education and Research,
Nashik
(An Autonomous Institute from A.Y. 2022-23)

0x_ 0N, 0N, 0N, 0N,

A S [N T Ta

0x _ON, 0Ny  ON; 0N,

am an T an 2T o 3T o

oy _oNy  ON, 0N, 0N,
dy N, o, N, N,

¢ 4 9 4 AT 4 A 4
Ny (1-0) oN, (1+{) oN; —-1(1+() oN, —-1(1-9)
on 4 'on 4 ' on 4 “on 4
Putting values of cartesian coordinates
dx —1(1+n) (1+mn) (1-n) —1(1—-n)
= Ot O+ @O+——
ox —3-3n+5+5n+6—-6n—1+1n 7—3n
ac 4 T4
dx (1-9) (1+7) —1(1+) —1(1-7)
= D O — (O — )
dx 3—-3(+5+5(—6—-6{—1+1{ 1+3¢
an 4 T4
dy —1(1+n) (1+mn) (1-mn) —1(1—-n)
= Dt @t Wt ——®)
dy —7-7n+8+8n+4—-4n—-3+3n 2
¢ 4 T4
dy (1-97) (1+) —1(1+ ) —1(1-)
= DA @ — (D — )
dy 7-70+8+8{—4—-4{—3+3( 8
an 4 T4
7—-3n 1+43C
_| 4 4
4 4

OR

d) Determine natural coordinates ({, ) of the any point P whose cartesian coordinates are (3,
4) for four nodded iso-parametric quadrilateral elements as shown in fig. 4(d)

2(5,8)
13,7

(6.4)

4(1,3)

1. Shape function-
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_ (1—Zl(1+n); N, = (1+Z)(1+n); N, = (1+(L(1—n); N, = (1—51‘(1—77)
Geometry — cartesian cordinates
X = lel + Nzxz + N3x3 + N4_.X'4_
Y = Niy1 + Ny, + N3yz + Nyy,

Forx=3andy=4,

3=(1—Cl(1+n)(3)+(1+C)4(1+n)(5)+(1+€)4(1—n)(6)+(1—()4(1—77)(1)
3=3(1+n—€—€n)+5(1+n+6+6n)+6(1—n+€—€n)+1(1—n—€+in)
4
12=24+2n—-20{—-2n+343n+30+3M+5-5n+5{—-5n+1—-1n—1{ + 1{n
12=11—-1n+5(+5n,1=—1n +5{ =507 ........eq. 1
r]:
4=(1—6)(1+n)(7)+(1+C)4(1+n)(8)+(1+€)4(1—n)(4)+(1—()4(1—n)(3)
4=7(1+n—€—€n)+8(1+n+5+5n)+4(1—n+€—€n)+3(1—n—(+€n)

4
16=5+5n—-5(—-5{n+6+6N+6{(+6{n+3—-3n+3(—3n+2—2n—20+2{n

16=17+71+3{+{n,-1=7n+3{+{n........eq.2
Putting n =,
—1=(7x3)+3(+3(,—22 =6,
¢Gn=

a) Explain with neat sketches the various three-dimensional elements used in the analysis of
shells. (8)

1. Flat Elements

2. Curved Elements

3. Solid Elements

4. Degenerated Solid Elements.
The above elements are briefly explained below and their performance is commented.
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1. Flat Elements

The earliest method to analysis shells by finite element method was to approximate the curved surface with a
number of flat elements. Fig. 16.2 shows approximation of a cylindrical shell roof by a number of flat elements.
Since shell, have bending as well as in plane forces, for flat element stiffness matrix should be assembled
using both plate bending consideration and considering in plane forces. Fig. 16.3 shows in plane and bending
forces to be considered. One can use triangular, rectangular or quadrilateral plate elements. Smaller the element
size, better is the result. The development of such shell elements progressed along with the development of
plate elements. Using such elements arch dams, cylindrical shell roofs and cooling towers have been successfully
analysed by zienkiewicz et al.[3, 4, 5]

(8) Actual shell surface (b) Approximated shell surface

Fig. 16.2 Flat elements used for shell analysis
1. Flat Elements

The earliest method to analysis shells by finite element method was to approximate the curved surface with a
number of flat elements. Fig. 16.2 shows approximation of a cylindrical shell roof by a number of flat elements.
Since shell, have bending as well as in plane forces, for flat element stiffness matrix should be assembled
using both plate bending consideration and considering in plane forces. Fig. 16.3 shows in plane and bending
forces to be considered. One can use triangular, rectangular or quadrilateral plate elements. Smaller the element
size, better is the result. The development of such shell elements progressed along with the development of
plate elements. Using such elements arch dams, cylindrical shell roofs and cooling towers have been successfully
analysed by zienkiewicz et al.|3, 4, 5]
The shortcomings of these flat elements (also called as Facet Elements) are as listed below:
(i) The curvature of the elements is absent within the element.
(if) The discontinuities of slope between the plate elements produce spurious moments.
(iif) The plate elements themselves have limitations in the analysis of plates, which continues to stay
in the shell analysis too.

However singly curved shells may be analysed satisfactorily by taking refined meshes.
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(a) Actual shell surface (b) Approximated shell surface

Fig. 16.2  Flat elements used for shell analysis

Fig. 16.3 (a) Inplane forces and deformations (b) Bending forces and deformations

2. Curved Shell Elements

There are a number of practical problems in which we come across axi-symmeiric shell analysis. Fig. 16.4
shows one such case.

|-1— Axis of rotation

Fig. 16.4 Axisymmetric shell
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In this problem of thin shell analysis, the displacement and stress resultants may be defined with respect

to meridional directions (u, N, , M) and circumferential directions (w, Ny , M, ). Thus the strain vector is

glven by
du
£, s
(wecosd + using)
Eg
{E} = K = _32 W s
§ P ...(16.1})
kg —sind dw
rds
and stress resultant is given by
N
Ny
aor= =|D|4&
{o} =1 (=121 162)
M,

3. Solid Shell Element

Anaother approach for shell analysis is to use three dimensional solid elements. One can think of using 4 noded
tetrahedron, 8 noded hexahedron or 20 noded curved solid elements for the analysis of shells. To take care of
bending behaviour more than one layer of elements are to be used across the thickness. However this approach
for shell analysis is found not satisfactory because of the following reasons:
(i) Asthe thickness reduces the strain normal to the mid surface is associated with very large stiffness
coefficients and hence the equations become ill conditioned
(ii) These elements carry too many degrees of freedom making the computation uneconomic.

4. Degenerated Solid Elements

In 1970 Ahmad etal. [9] introduced the concept of degenerating 3-D-elements to 2-D-elements for finite
element analysis while using 3D- elastic theory. For example, a 3-D brick element is reduced to shell element
by deleting the intermediate nodes in the thickness direction and then by projecting the nodes on each surface
to the mid surface as shown in Fig. 16.6. Similarly 20 noded solid element may be degenerated to 8 noded
element on the mid surface which is also shown in Fig. 16.6. However the nodes on the 2 outer surfaces
corresponding to each mid-surface nodes are defined so as to keep the analysis in 3-D. The theory is developed
with the following assumptions:

OR

b) Explain Mindlin’s theory of plate element.
Mindlin's [7] theory is the extension of Timoshenko theory to the analysis of plates. In this theory the rotation
and lateral deflections are decoupled and shear deformations are considered. This resulted into development
of C*-continuity plate element. This helped in extending isoparametric concept in plate analysis resulting to
development of 4-noded quadrilateral and 8-noded quadratic plate bending elements.

Mindlin[7] retained the following assumptions of thin plates small deflection theory:

(i) The lateral deflections ‘w’ are small
(ii) Stresses normal to the midsurface are negligible

However he gave up Kirchoff's assumption that plane normal to the midsurface remain plane even after
bending. Instead of this he assumed normal to the plate midsurface before deformation remains straight but
not necessary normal to it after deformation. This is shown in Fig. 15.5. Hence. if,
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+— Mormal before deformation

!
o Mormal after deformation
Zf"—— Assumed deformation

i
i
!

Fig. 15.5 Deformation of the plate in xz-plane

£, is the final rotation in xdirection, we get

Aw
f,=2"

=3 -average shear strain in x-direction
ox )
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. aw
Le., ﬂx: — =,
ax ¢
Similarly 9 =W _ . ...(15.26)
¥ ax J

At any node there are three independent field variables w, &, and @ . The displacement at any point
inside the element is given by

N

n i

0 0 W

I
N, o |le, ...(15.27)

W
0.¢=> |0
6,] ='lo o nlle,

where n is the number of nodes in the element. For quadrilateral element 1= 4 and

y = =80+ -n)
1 4

= L)y 2 L8 m)
! q

Similarly for quadratic element n = 8, and the shape functions are as given in equation 5.44. For cubic
element the shape functions are as presented in equation 5.46. The position of the point itself is given by,

G-l-3le MG

The measure of strain in this element includes both flexural strain & and shear strain £ . The flexural

strain is given by,
{x}: 2N | Z[N, on,} s8)
¥ ZN: f L0 Ny

The measure of strain in this element includes both flexural strain & and shear strain £ . The flexural
strain is given by.

o,
ax
k
* e
Er =3k, =1 r&; ...(15.29)
k’q" !'SB}_- + r}ﬂx
r}x r?y ]

¢) Continuity
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Category I: C*-Continuity element ie. second order continuity elements in which seconderivates of “w’
are also nodal unknowns.
Category II: C*-Continuity elements i e. first order continuity elements in which highest order of derivatives
of "w’ is one only.
Category III: C"-Contimuity element ie. the elements in which only continuity of nodal variables are to be
ensured.

15.3.1 C-Continuity Elements

Figure 15.2 shows some of the C’-continuity elements. In the three noded triangular plate element nodal
w dw Fw dw  Iw

c?x"cﬁf'arz"é}:’ pew

variables considered are w,

15.3.2 C'-Continuity Elements

aw aw
To simplify analysis, many researchers, considered only three degrees of freedom at anodeie w, E and g .
There is discontinuity of curvature at the corners. These are called non-conforming elements. The performance
of such elements have been studied and some researchers have expressed, satisfaction to great extent. Some
of them have considered the normal slopes aleng the edges to improve the performance of such elements. One
of such element is 12 degree freedom rectangular elements and its use is explained in detail in the article. 15.4

15.3.3 C"-Continuity Element
Due to Kirchoff's assumption that plane section remains plane even after bending. we have the relations

between the slopes and displacement as 8, = % and 8, = % IfKirchoff's assumption is not made, slopes

are independent of deflections and hence w, g, @ 5 88 nodal nnkmowns reduces to C%-continuity requirement.
It simplifies a lot in the finite element analysis. Mindlin [7] developed an element of this type. However it is
to be noted that grving up the relationshup 8, = % and 3}. = % means pernutting shear deformations. Hence
in assembling stiffness expression shear strain energy is also to be considered. This element formulation is
discussed in detail latter in this chapter.

OR

d) Write displacement fields in 4 nodded degenerated shell elements
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Lat s v w ba displacement of 2 point bondng #ts local coordinate; « v, '« e the displacemant of comesponding
mmid werface which is having Jocal coordimates £, (ref Fig 168)

Fig- 168 Digplacamnent Bold in 4 nodod dogenoraod shell demenr

Latey, W, w b the melatres displacement along v y, = directions & to rotton of nomml atmode 1. e,
By By By about S global axes. Than

il il ..=‘|

L] i

frb=Tmfu bt} (158)
L IR O I

¥ o), @)y, o} arethe mormal rotaiers at ' about axes x°, y', 2" with the shell ssammption of straight
noomal to middle arfacs remain smight #en after defoomation, o), becomens zero.

ful [
bl gl {1610
il v

inwhich uf, v}, & 2re displacements dlong asss 1°, 3, © el

¥t direction coxines between global and local axes e . m, 0, 5 4w w0, m w,, them

= b4 b,

¥, = ]y, ¥

- oy W
e s
i, S b=y, |
=] L= =]} |

The roaten ¢, and @, are gven by the mlation,
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From squetion 16,11, 16.10 and 16,17 we gat,
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Substitating oguation 16.13 in equation 169 oo gt
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